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a b s t r a c t
Spiral segments are useful in the design of fair curves. They are important in CAD/CAM
applications, the design of highway and railway routes, trajectories of mobile robots and
other similar applications. Cubic Bézier curves are commonly used in curve and surface
design because they are of low degree, are easily evaluated, and allow inflection points.
This paper generalises earlier results on planar cubic Bézier spiral segments and examines
techniques for curve design using the new results.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Curvature continuous curves with curvature extrema only at specified locations are said to be fair and are desirable
for applications such as the design of highway or railway routes, or the trajectories of mobile robots [1,2]. They are also
important in computer aided design (CAD) and computer aided geometric design (CAGD) applications [3,4]. B-splines,
Bézier curves and NURBS (non-uniform rational B-splines) are used in CAD and CAGD applications but their fairness is not
guaranteed so polynomial spiral segments were developed. Here a ‘spiral’ is a curved line segment with a monotonically
varying signed curvature. A C-shaped polygon is one whose interior angles do not exceed π ; a C-shaped curve segment’s
curvature does not change sign.
A planar cubic Bézier spiral segmentwas developed [5] and improved [6]. It has a point of zero curvature at one endpoint.
A cubic spiral segment with no point of zero curvature is also available [7,8]. Further generalisation is now proposed. The
designer is presented with regions for placing control points to obtain a spiral of decreasing curvature with or without a
point of zero curvature at its endpoint, or a spiral of increasing curvature from a point with a given radius of curvature.
The spiral segment of [6] is C-shaped but with zero curvature at one endpoint. Its tangent angle range, from the point
of zero curvature, is restricted to be smaller than 12π . If subdivided to avoid the point of zero curvature, the resulting spiral
may have a tangent angle range significantly smaller than 12π . The cubic spiral segment now proposed allows for a tangent
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angle range that exceeds 12π without a point of zero curvature, as illustrated by the region for the placement of an endpoint
in Fig. 3.
The proposed cubic spiral segment is a generalisation of, and has more degrees of freedom than those in [6,7]. This paper
is significantly different than, and is not an extended version of [9]. In [9] two cubic spirals are joined at their point of zero
curvature, whereas the proposed cubic spiral is constructed so that two of them can be joined in a manner that satisfies G2
conditions at the joint without requiring the joint to be a point of zero curvature. This is the essential difference between
the spiral segment used in [9] and the one now proposed.
The proposed cubic spiral is also significantly different than those discussed in [10–12]. The latter two use rational cubics
whereas the proposed spiral is polynomial, so it has less complexity. The proposed method is also geometric; geometric
regions are presented in which control points of a Bézier curve can be manipulated on-screen interactively rather than
using tables or admissible regions from which to select numeric values as in [10–12].
It is quite clear from [13] that for given G2 constraints there are zero, one, two or three possible cubic Bezier curves that
can be used for interpolation. This is consistent with the fact that a cubic Bezier curve has only eight degrees of freedom and
planarG2 Hermite interpolationhas exactly eight constraints. Hence, for any givenG2 conditions, if a single cubic Bezier curve
is used for interpolation (provided one exists), there is no freedom to reshape it to be a spiral. The cubic Bézier determined
by [13] is a spiral under some conditions. The work of [10–12] determine some of those G2 conditions or admissible regions.
A spiral will not be found if specified G2 constraints do not conform to those conditions or regions. Furthermore, Kneser’s
Theorem [14], page 48 states clearly that a single (C-shaped) spiral arc cannot be found if the circle of curvature at one of
the endpoints does not lie inside the circle of curvature at the other endpoint, as for example in Fig. 10. In such situations
resorting to a composition of two spiral segments provides a fair curve joining the two given points.
The spiral segment in [15] is an extension of the spiral in [6] to a Pythagorean Hodograph quintic spiral. Two of them are
joined at their point of zero curvature for G2 Hermite interpolation, as is done in [9]. It is thus different from the proposed
spiral in the same way as described for [9] above. In both [16,17] a spiral segment is used as a transition curve, so the
endpoints are not given beforehand. The methods in [16,17] cannot be used to design a curve from a given fixed point as is
done with the proposed spiral segment.
The following section describes the notation and conventions used in thiswork; it is followed by a section on background.
The generalisation is presented in Section 4; it is followed by sections in which drawing spirals of decreasing and increasing
curvature are described. The application to G2 Hermite interpolation is discussed in Section 7 which is followed by a section
with examples, and a section with concluding remarks.
2. Notation and conventions
ACartesian co-ordinate systemwith x- and y- axes is presumed. Positive angles aremeasured counter-clockwise. Boldface
is used for points and vectors; they may also be indicated using the ordered pair notation, e.g. (x, y). The norm or length
of a vector V is denoted as ∥V∥. The derivative of a function (scalar or vector valued), is denoted with a prime, e.g. X ′(t) or
Q′(t). The quantity VxWy− VyWx = ∥V∥ ∥W∥ sin θ , where θ is the angle from vector V to vectorW, is denoted as det(V,W).
The directed line segment from point A to point B is denoted as AB. The matrix R(θ) =

cos θ sin θ
− sin θ cos θ

rotates a row vector
counter-clockwise by an angle θ .
3. Background
A planar parametric curve is defined by the set of points Q(t) = X(t), Y (t) for real t with tangent vector given by
Q′(t) = X ′(t), Y ′(t). If Q′(t) ≠ 0 = (0, 0), then the signed curvature of Q(t) is defined as [3]
κ(t) = det(Q
′(t),Q′′(t))
∥Q′(t)∥3 . (1)
Differentiation of Eq. (1) yields
κ ′(t) = {Q
′(t) · Q′(t)}det(Q′(t),Q′′′(t))− 3{det(Q′(t),Q′′(t))}{Q′(t) · Q′′(t)}
∥Q′(t)∥5 . (2)
A cubic Bézier curve is given by [3] as
Q(t) = P0(1− t)3 + 3P1(1− t)2t + 3P2(1− t)t2 + P3t3, 0 ≤ t ≤ 1. (3)
Assume the control points P0, P1, P2 and P3 are distinct and C-shaped. Assume further, without loss of generality, that the
curvature of Q(t) is non-negative as this can be accomplished by a reflection about P0P1. Let
a = ∥P1 − P0∥, µ = ∥P2 − P1∥, λµa = ∥P3 − P2∥, (4)
φ be the angle from P0P1 to P1P2, and (5)
ψ be the angle from P0P1 to P2P3 (6)
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Fig. 1. A cubic Bézier curve.
where a, µ, λ, φ,ψ > 0 as illustrated in Fig. 1. Eq. (3) may now be written as
Q(t) = X(t), Y (t) (7)
where
X(t) = 3a(1− t)2t + 3a(1+ µ cosφ)(1− t)t2 + a[1+ µ cosφ + λµ cos(ψ)]t3 (8)
and
Y (t) = (3aµ sinφ)(1− t)t2 + a[µ sinφ + λµ sin(ψ)]t3. (9)
Intuitively, the control polygon of a C-shaped cubic Bézier spiral segment will more or less be spiral shaped. Restrictions
which are consistentwith a spiral shaped control polygon, andwhich alsomake the algebraic and trigonometric expressions
easier to manipulate, are: λ ≥ µ, 0 ≤ φ ≤ ψ ≤ 2φ < π for a spiral of decreasing curvature; λ ≤ µ, 0 ≤ 2φ ≤ ψ < π for
a spiral of increasing curvature. Conditions for a spiral of decreasing curvature are examined in detail. Results for a spiral of
increasing curvature follow analogously.
4. A general C-shaped cubic Bézier spiral segment
The more general form for a C-shaped cubic Bézier spiral segment is now explored by examining the derivative of the
curvature of (7). The first three derivatives of (8) and (9) are
X ′(t) = 3a[(1− t)2 + 2(µ cosφ)(1− t)t + (λµ cosψ)t2], (10)
X ′′(t) = 6a[(µ cosφ − 1)(1− t)+ µ(λ cosψ − cosφ)t], (11)
X ′′′(t) = 6a[1− 2µ cosφ + λµ cosψ], (12)
Y ′(t) = 3a[2(µ sinφ)(1− t)t + (λµ sinψ)t2], (13)
Y ′′(t) = 6a[(µ sinφ)(1− t)+ µ(λ sinψ − sinφ)t], (14)
Y ′′′(t) = 6a[−2µ sinφ + λµ sinψ]. (15)
It follows from (1), (10), (11), (13) and (14) that the curvatures of (7) at t = 0 and t = 1 are respectively
κ(0) = 2µ sinφ
3a
and κ(1) = 2 sin(ψ − φ)
3λ2µa
. (16)
By substitution of (10)–(15) into the numerator of (2) it follows, with the aid of an algebraic manipulator (MAPLE), that the
derivative of the curvature of (7) is a negative multiple of
f (t) =
5
i=0
fi

5
i

(1− t)5−it i, 0 ≤ t ≤ 1 (17)
where f0 = µq0, f1 = µq15 , f2 = µ
2q2
5 , f3 = λµ
2q3
5 , f4 = λµ
3q4
5 , f5 = λ2µ3q5,
q0 = 3µ sin(2φ)− λ sinψ − 4 sinφ, (18)
q1 = 12µ2 sinφ − 5µ sin(2φ)+ 8λµ cosψ sinφ − 5λ sinψ, (19)
q2 = λ2 sin(2ψ)+ 5λµ sin(2φ − ψ)+ 8λµ sinψ − 4λ sin(ψ + φ)− 6λ sin(ψ − φ)− 2µ sinφ, (20)
q3 = 2µ2 sin(ψ − φ)− 8µ sinψ + 5µ sin(2φ − ψ)+ 4λµ sin(2ψ − φ)+ 6λµ sinφ − λ sin(2ψ), (21)
q4 = 5λ2 sinψ + 5λµ sin(2ψ − 2φ)− 4λ sin(2ψ − φ)+ 4λ sinφ − 12µ sin(ψ − φ), (22)
q5 = λ sinψ + 4λµ sin(ψ − φ)− 3µ sin(2ψ − 2φ). (23)
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The strategy for determining spiral conditions is based on separation of the conditions on λ,µ and the conditions on φ,ψ .
Eq. (18) above is linear inλ,µ and leads to some of the bounds in (26)–(28)which are useful in determining spiral conditions.
If f (0) ≥ 0 and f (t) > 0 for 0 < t ≤ 1, then (7) is a spiral segment of decreasing curvature. The angle φ is restricted to
the interval

0, φmax = 12π − 12 arcsin 13

. The upper limit on φ ensures that 3 sin(2φ) − sinψ > 0 so the denominator of
an expression, which will be encountered later (Eq. (26)), is positive for 0 < φ < φmax, φ ≤ ψ ≤ 2φ. Observe that for
0 < φ ≤ 14π, sin(2φ) ≥ sinψ ∵ ψ ≤ 2φ ≤ 12π,∴ 3 sin(2φ) > sin(2φ) ≥ sinψ , and for 14π < φ < 12π − 12 arcsin 13 it
follows that 12π < 2φ < π − arcsin 13 < π , hence sin(2φ) > sin

π − arcsin 13
 = 13 , so 3 sin(2φ) > 1 ≥ sinψ .
The following quantities, which are used in the determination of sufficient conditions for (7) to be a spiral, are now
defined for convenience:
γ =
2

5 cosφ +15(4− 5 cos2 φ) sinφ
5(3 sin2 φ − 2 cos2 φ) ,
1
4
π < φ < φmax, (24)
ψmax =

2φ, 0 < φ ≤ 1
4
π,
min(2φ, π − arctan γ ), 1
4
π < φ < φmax,
(25)
Υ (φ, ψ) = 4 sinφ
3 sin(2φ)− sinψ > 0, 0 < φ < φmax, φ ≤ ψ ≤ ψmax, (26)
λmax(µ, φ,ψ) = 3µ sin(2φ)− 4 sinφsinψ , 0 < φ < φmax, φ ≤ ψ ≤ ψmax, (27)
µmin(λ, φ,ψ) = λ sinψ + 4 sinφ3 sin(2φ) , 0 < φ < φmax, φ ≤ ψ ≤ ψmax. (28)
Sufficient conditions for (7) to be a spiral are formulated in Theorems 1 and 2. Theorem 1 is useful for drawing a spiral
segment of decreasing curvature whereas Theorem 2 is useful for drawing a spiral segment of increasing curvature. The
following lemmas are used to prove the theorems. The proofs of the lemmas are in [18]
Lemma 1. Let λ ≥ µ. If λ ≤ λmax(µ, φ,ψ) then µ ≥ Υ (φ, ψ), and if µ ≥ µmin(λ, φ,ψ) then λ ≥ Υ (φ, ψ).
Lemma 2. If 0 < φ < φmax, φ ≤ ψ ≤ ψmax and either λ ≤ λmax, or µ ≥ µmin then q0 ≥ 0.
Lemma 3. If 0 < φ < φmax, φ ≤ ψ ≤ min(2φ, 12π) and either µ ≤ λ ≤ λmax, or λ ≥ µ ≥ µmin then q1 ≥ 0.
Lemma 4. Let 0 < φ < φmax and 12π < ψ ≤ ψmax.
If either µ ≤ λ ≤ λmax, or λ ≥ µ ≥ µmin then q1 ≥ 0.
Lemma 5. If 0 < φ < φmax, φ ≤ ψ ≤ ψmax and µ ≤ λ ≤ λmax(µ, φ,ψ) then q2 ≥ 0.
Lemma 6. If 0 < φ < φmax, φ ≤ ψ ≤ 2φ and µ ≤ λ ≤ λmax(µ, φ,ψ) then q3 ≥ 0.
Lemma 7. If 0 < φ < φmax, φ ≤ ψ ≤ 2φ and µ ≤ λ ≤ λmax(µ, φ,ψ) then q4 ≥ 0.
Lemma 8. If 0 < φ < φmax, φ ≤ ψ ≤ 2φ and λ ≥ µ ≥ µmin(µ, φ,ψ) then q2, q3, q4 ≥ 0.
Lemma 9. If 0 < φ < φmax, φ ≤ ψ ≤ 2φ, λ ≥ µ, and either λ ≤ λmax(µ, φ,ψ) or µ ≥ µmin(λ, φ,ψ), then q5 > 0.
Theorem 1. If 0 < φ < φmax, φ ≤ ψ ≤ ψmax and µ ≤ λ ≤ λmax(µ, φ,ψ) then (7) is a spiral segment of decreasing
curvature.
Proof. It follows from Lemmas 1–7 and 9 that f (0) ≥ 0 and f (t) > 0 for 0 < t ≤ 1 where f (t) is defined by (17). The
theorem follows since the derivative of the curvature of (7) is a negative multiple of f (t). 
Corollary 1. For ψ = 2φ > 0 and λ = µ, the cubic Bézier spiral segment used in [7,8] is obtained.
Proof. Substitution of ψ = 2φ in (28) yields µmin = 1/ cosφ. Furthermore from (27), for λ = µ,
µ ≤ 3µ sin(2φ)− 4 sinφ
sinψ
which yields µ ≥ 1/ cosφ for ψ = 2φ. 
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Corollary 2. For ψ = φ the spiral has zero curvature at P3 as in [6].
Proof. The corollary follows immediately upon substitution of ψ = φ in the expression for κ(1) in (16). 
Theorem 2. Let a = ∥P3 − P2∥, µa = ∥P2 − P1∥, λµa = ∥P1 − P0∥, ψ be the angle from P0P1 to P2P3, and φ be the angle
from P1P2 to P2P3.
If 0 < φ < φmax, φ ≤ ψ ≤ ψmax and µmin ≤ µ ≤ λ then (7) is a spiral segment of increasing curvature.
Proof. It follows immediately from Theorem 1, together with Lemmas 2–4, 8 and 9 that traversing the curve in the reverse
direction (i.e. from P3 to P0) yields a spiral of decreasing curvature. 
5. Drawing a cubic spiral of decreasing curvature
Given a beginning point P0, beginning unit tangent vector T0, and radius of curvature ra at P0, regions for placing P2 and
P3 which guarantee that (3) is of decreasing curvature are determined in this section. Observe, from the expression for κ(0)
in (16)
a = 2
3
µra sinφ

with ra = 1
κ(0)

. (29)
It follows from Lemma 1 that µ ≤ λ and q0 ≥ 0 imply µ ≥ Υ (φ, ψ). Theorem 3 can be used to determine a region for the
placement of P2 to satisfy this necessary condition. Theorem 4 can then be used to determine a region for the placement of
P3 to satisfy sufficient conditions for the curve to be a spiral.
Theorem 3. Consider a co-ordinate system centred at P0 with positive x-axis along T0 and positive y-axis along T0R( 12π). Let P2
be the region bounded at the bottom by the positive x-axis and on the left by the piecewise continuous curve
x =

2

2ray
3
, 0 ≤ y ≤ 2
3
ra,
2ray
3
+ y
h(y)
, y >
2
3
ra.
where
h(y) =
3+ 2

2−

2ra
3y
1+ 4

2ra
3y
. (30)
as illustrated by the area shaded with grey in Fig. 2. If P2 is inside P2 thenµ ≥ Υ (φ, ψ) for 0 < φ < φmax and φ ≤ ψ ≤ ψmax.
Proof. It follows from (4), (5) and (29) that P2 can be expressed as (x, y) where x = 23 ra[1 + µ cosφ]µ sinφ and
y = 23 ra[µ sinφ]2, or equivalently
µ =

3y
2ra
1
sinφ
(31)
and eliminating µ
x =

2ray
3
+ y
tanφ
. (32)
There are two cases to be considered: 0 < φ ≤ 14π and 14π < φ < φmax.
Case 0 < φ ≤ 14π :
For this case, φ ≤ ψ ≤ 2φ ≤ 12π ; hence sinφ ≤ sinψ ≤ sin(2φ) ≤ 1, and from (26), 1/ cosφ ≥ Υ (φ, ψ). So
if µ ≥ 1/ cosφ then µ ≥ Υ (φ, ψ). It follows from (31) that µ ≥ 1/ cosφ is equivalent to tanφ ≤

3y
2ra
which upon
substitution into (32) yields
x ≥ 2

2ray
3
. (33)
Now for 0 < φ ≤ 14π it follows from (32) that x ≥

2ray
3 + y, and on the boundary defined by (33), x = 2

2ray
3 . Elimination
of x from these two relations yields y ≤ 23 ra on that boundary.
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Fig. 2. P2 region for a spiral of decreasing curvature.
Case 14π < φ < φmax:
For this case, 12π < 2φ < 2φmax and φ ≤ ψ ≤ ψmax; hence from (26), since sinψ ≤ 1, it follows that 4 sinφ3 sin(2φ)−1 ≥
Υ (φ, ψ). So µ ≥ Υ (φ, ψ) if µ ≥ 4 sinφ3 sin(2φ)−1 . It follows from (31) that this condition is equivalent to
1+ 4

2ra
3y

tan2 φ − 6 tanφ + 1 ≤ 0. (34)
When φ = 14π the left-hand side of (34) is 4

2ra
3y − 1

≤ 0 for y ≥ 23 ra, i.e. condition (34) is satisfied. The left-hand side of
(34) is an upward opening parabola in tanφ with axis of symmetry in the positive tanφ half-plane. So after some algebraic
manipulation it follows that when φ > 14π and y ≥ 23 ra, condition (34) is satisfied for tanφ ≤ h(y) where h(y) is defined
by (30) which upon substitution into (32) yields x ≥

2ray
3 + yh(y) with equality on the boundary of the region. 
Once P2 is placed inside P2, φ andµ are determined by (32) and (31). So the position of P1 is determined by (4), (5) and (29).
Now Theorem 4 can be used to determine a region for the placement of P3.
Theorem 4. Consider a co-ordinate system centred at P0 with positive x-axis along T0 and positive y-axis along T0R( 12π) as
in Theorem 3. Assume that P2 has been placed in the P2 region as defined by Theorem 3. Let
yconst = 2raµ2(2µ cosφ − 1) sin2 φ,
xR = 23 raµ

6µ2 cos2 φ − 3µ cosφ + 1 sinφ,
xL = 23 raµ

3µ sin 2φ − 4 sinφ
sinψmax
µ cosψmax + µ cosφ + 1

sinφ.
Let P3 be a region bounded on the right by the ray emanating from P2 and which makes an angle of φ with the x-axis, on the left
by the ray emanating from P2 and which makes an angle of ψmax with the x-axis, at the bottom by the circular arc with centre P2
and radius 23 raµ
3 sinφ, and at the top by the line segment y = yconst, xL ≤ x ≤ xR, as illustrated by the area shaded with grey
in Fig. 3. If P3 is placed inside P3 then (3) is a spiral segment of decreasing curvature.
Proof. It suffices to show that the conditions of Theorem 1 are satisfied. The placement of P2 satisfies 0 < φ < φmax and
µ ≥ Υ (φ, ψ). It remains to show that φ ≤ ψ ≤ ψmax and µ ≤ λ ≤ λmax. To satisfy the former condition P3 must lie in the
wedge bounded by two rays emanating from P2 and which make angles of φ and ψmax with the x-axis; they determine the
right and left boundaries respectively of P3. To satisfy the latter condition it is required that
µ(µa) ≤ ∥P3 − P2∥ = λµa ≤ λmaxµa
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Fig. 3. P3 region for a spiral of decreasing curvature.
with a given by (29). Hence from (6) and (27) this means that P3 must lie above the circular arc (within the wedge) centred
at P2 with radius 23 raµ
3 sinφ, and below the line segment
(x, y) = P2 + 23 raµ
2 [3µ sin(2φ)− 4 sinφ] (sinφ)

1
tanψ
, 1

,
for φ ≤ ψ ≤ ψmax. It follows from (4)–(6) that the endpoints of this line segment are given by (xR, yconst) and (xL, yconst). It
remains to show that P3 is non-empty. The line segment is parallel to and at a distance of yconst from the x-axis. Subtracting
the y-coordinate value of the circular arc from that of the line segment yields 23 raµ
3g(ψ) sinφ where
g(ψ) = 3 sin 2φ − 4 sinφ
µ
− sinψ, φ ≤ ψ ≤ ψmax.
It now follows from Theorem 3 that for 0 ≤ φ ≤ 14π,µ ≥ 1/ cosφ hence g(ψ) ≥ sin(2φ) − sinψ ≥ 0, and for
1
4π < φ < φmax, µ ≥ (4 sinφ)/(3 sin(2φ) − 1) hence g(ψ) ≥ 1 − sinψ ≥ 0, i.e. the circular arc does not intersect
the line segment. 
6. Drawing a cubic spiral of increasing curvature
Let the control points of the Bézier curve (7), and the angles φ and ψ , be as defined in Theorem 2. Given the beginning
point P0, the beginning unit tangent vector T0, and radius of curvature r at P0, regions for placing P2 and P3 which guarantee
that (7) is of increasing curvature are determined in this section. It follows from Lemma 1 that µ ≤ λ and q0 ≥ 0 imply
λ ≥ Υ (φ, ψ). Theorem 5 can be used to determine a region for the placement of P2 to satisfy this necessary condition.
Theorems 6 and 7 can then be used to determine a region for the placement of P3 to satisfy sufficient conditions for the
curve to be a spiral.
Theorem 5. Consider a co-ordinate system centred at P0 with positive x-axis along T0 and positive y-axis along T0R( 12π). Let
θ = ψ − φ be the angle from P0P1 to P1P2 and let 0 < θ ≤ θmax = arccos

1
2

1+

5
21

. Define P2 to be the intersection of
the closed simply connected region bounded by the two curves
x =

2
3
ry+
√
r ∓√r − 6y√
6
√
y, 0 ≤ y ≤ 1
6
r,
and the region bounded at the bottom by the positive x-axis and on the left by the curve
x =

2
3
ry+ y
tan θmax
, y ≥ 0
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Fig. 4. P2 region for a spiral of increasing curvature.
as illustrated by the area shaded with grey in Fig. 4. If P2 is inside P2 then φ where
θ ≤ φ ≤ arccos

1
5
cos θ +

24
25
y
r
1
sin θ

= φ0 (35)
can be found such that λ ≥ Υ (φ, ψ) for φ ≤ ψ ≤ 2φ, and ψ ≤ ψmax when φ = θ where ψmax is defined by (25).
Proof. Observe that φ ≤ ψ ≤ 2φ is equivalent to 0 ≤ θ ≤ φ. As in the proof of Theorem 3 it follows that P2 can be
expressed as (x, y)where x = λµa+ µa cos θ and
y = µa sin θ (36)
or from (16) with r = 1/κ(1)
λ =

2r
3y
sin θ (37)
and eliminating λ,µ
x =

2ry
3
+ y
tan θ
. (38)
For φ ≤ φ0 it follows from (35) and (37) that
cosφ ≥ 1
5
cos θ +

24
25
y
r
1
sin θ
= 1
5

cos θ + 4
λ

hence
5 cosφ − cos θ ≥ 4
λ
> 0
so
λ >
4
5 cosφ − cos θ =
4 sinφ
6 sinφ cosφ − sinφ cosφ − sinφ cos θ
≥ 4 sinφ
6 sinφ cosφ − sin θ cosφ − sinφ cos θ
= 4 sinφ
3 sin(2φ)− sin(φ + θ) =
4 sinφ
3 sin(2φ)− sin(ψ) .
Hence from (26) the condition λ ≥ Υ (φ, ψ) is satisfied.
To ensure θ ≤ φ ≤ φ0 it is required that cos θ ≥ cosφ0. It follows from the right-hand side inequality of (35) that
cos θ − cosφ0 = 45 cos θ −

24
25
y
r
1
sin θ
= − cos
2 θ
sin θ

24
25
y
r

tan2 θ −

2r
3y
tan θ + 1

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which is non-negative for
√
r −√r − 6y√
6y
≤ tan θ ≤
√
r +√r − 6y√
6y
, y ≤ r
6
(for real zeros).
The first (closed) region is established upon substitution of the above into (38). The two curves meet at (0, 0) and 16 r(3, 1),
and do not intersect elsewhere. It remains to establish the second region.
Observe that for the first region θ + φ = ψ ≤ 2φ is satisfied, but the condition ψ ≤ ψmax given by (25) may not be
satisfied. Since θ ≤ φ, the largest value ofψ occurs when θ = φ. It is thus required that 2θ ≤ ψmax when φ = θ . It can also
be observed that for 0 < θ ≤ 14π the largest value of ψ occurs when φ ≤ 14π in which case 2θ ≤ ψmax. On the other hand,
for θ > 14π the requirement
1
2π < 2θ ≤ ψmax < π can be re-stated as tan(2θ) ≤ tanψmax. Hence from (25) it is required
that
tan(2θ) = sin(2θ)
cos(2θ)
= 2 sin θ cos θ
2 cos2 θ − 1 ≤ tanψmax = −γ . (39)
Since 2 cos2 θ − 1 < 0 for θ > 14π it follows from (24) with φ = θ , after some algebraic manipulation, that (39) can be
re-written as
10 cos θ − 15 cos3 θ ≥ (1− 2 cos2 θ)

15(4− 5 cos2 θ).
Both sides of the above expression are positive for θ > 14π . Squaring them with subsequent re-arrangement and factoring
yields the condition
(5 cos2 θ − 3)(21 cos4 θ − 21 cos2 θ + 4) ≥ 0
on θ . The left factor is negative for θ > 14π and the right factor is negative when
1
4π < θ ≤ arccos

1
2

1+

5
21

.
Incorporation of these limits into (38) completes the proof of the theorem. 
It is possible for φ to be within the range determined by (35) but still be too big to satisfyψ = θ + φ ≤ ψmax whereψmax is
given by (25). The problem only arises when ψ exceeds 12π since ψmax = 2φ when ψ ≤ 12π . Theorem 6 determines a limit
on φ which ensures that ψ ≤ ψmax.
Theorem 6. Consider a co-ordinate system centred at P0 with positive x-axis along T0 and positive y-axis along T0R( 12π) as
in Theorem 5. Furthermore, also as in Theorem 5, let θ = ψ − φ be the angle from P0P1 to P1P2. If P2 is positioned in the region
P2 as determined by Theorem 5 then φ1 can be found such that ψ = θ + φ ≤ ψmax for θ ≤ φ ≤ min(φ0, φ1, φmax) when
ψ > 12π where ψmax is given by (25) and φ0 is given by (35).
Proof. It follows from (25) that given a value for θ it is required to find a value for φ such that tan(θ + φ) = sin(θ+φ)cos(θ+φ) ≤
tanψmax = −γ or since cos(θ + φ) < 0, sin(θ + φ) ≥ −γ cos(θ + φ)which by (24) is equivalent to
sin(θ + φ) ≥ −
2

5 cosφ +15(4− 5 cos2 φ) sinφ
5(3 sin2 φ − 2 cos2 φ) cos(θ + φ)
which can be re-written as
5(3 sin2 φ − 2 cos2 φ) sin(θ + φ)+ 10 cosφ sinφ cos(θ + φ) ≥ −2

15(4− 5 cos2 φ) sinφ cos(θ + φ).
The right-hand side of the above expression is greater than zero (because cos(θ + φ) < 0), so squaring both sides followed
by some algebraic manipulation gives the requirement as f (φ) ≥ 0 where
f (φ) = 5(3 sin2 φ − 2 cos2 φ) sin2(θ + φ)+ 10 sin(2φ) sin(θ + φ) cos(θ + φ)− 16 cos2(θ + φ) sin2 φ
= −11
4
− 9
4
cos(2φ)− 21
4
cos(2θ + 2φ)+ 41
4
cos(2φ) cos(2θ + 2φ)+ 5 sin(2φ) sin(2θ + 2φ).
The first and second derivatives of f (φ) are
f ′(φ) = 9
2
sin(2φ)+ 21
2
sin(2θ + 2φ)− 21
2
sin(2θ + 4φ)
and
f ′′(φ) = 9 cos(2φ)+ 21 cos(2θ + 2φ)− 42 cos(2θ + 4φ).
There are two cases: 0 ≤ θ ≤ 14π and 14π < θ ≤ φ.
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Case 0 < θ ≤ 14π :
For this case, θ + φ > 12π → φ > 12π − θ ≥ 14π ≥ θ . The φ interval of interest is thus
 1
2π − θ,min(φ0, φmax) < 12π

.
Now f
 1
2π − θ
 = 52 1 + 5 cos(2θ) > 0 and f ′  12π − θ = 15 sin(2θ) > 0. Furthermore, f ′( 12π) = −21 sin(2θ) ≤ 0
and f ′′(φ) < 0 on
 1
2π − θ, 12π

because 12π ≤ π − 2θ ≤ 2φ < π, π ≤ 2φ + 2θ < π + 2θ ≤ 32π and
3
2π ≤ 2π−2θ < 4φ+2θ ≤ 52π , so f (φ) has at most one turning point on the interval of interest. Since f (φ) is positive and
non-decreasing at the beginning of the interval, it either remains positive on the interval in which case φ1 = min(φ0, φmax),
otherwise it crosses the φ-axis exactly once on the interval. In the latter case a bracketing technique such as Bolzano
bisection, or a bracketing technique combined with Newton’s method can be used to find the crossing which occurs at
φ = φ1.
Case 14π < θ ≤ φ:
Observe that if P2 is in the region P2 then by Theorem 5
f (θ) = 1
2
[1− cos(2θ)][21 sin2(2θ)− 16] ≥ 0.
Now f
 3
4π − θ
 = − 114 + 94 sin(2θ) + 5 cos(2θ) < 0 ∵ 12π < 2θ < π . Furthermore f ′′(φ) < 0 on θ, 34π − θ because
1
2π < 2φ < π , θ < θ + φ < 34π, π < 2θ < 2θ + 2φ < 32π and 32π < 2θ + 4φ < 52π; f (φ) thus crosses the φ-axis
an odd number of times on the interval

θ, 34π − θ

, but does not cross more than twice, hence it crosses exactly once. A
bracketing technique combined with Newton’s method can be used to find the crossing which occurs at φ = φ1. 
Once P2 is placed inside P2, θ = ψ − φ, λ andµa are determined by (38), (37) and (36). The position of P1 is determined as
P0 + λµaT0. Now Theorem 7 can be used to determine a region for the placement of P3.
Theorem 7. Consider a co-ordinate system centred at P0 with positive x-axis along T0 and positive y-axis along T0R( 12π) as
in Theorem 5. Assume that P2 has been placed in the P2 region as defined by Theorem 5. Let the angle θ from the positive x-axis
to P1P2, and the length h = µa of P1P2 be as determined by Theorem 5. Furthermore let the limits φ0 and φ1 on the angle φ
from P1P2 to P2P3 be as determined by Theorems 5 and 6. Define P3 as the region bounded on the right by the ray emanating
from P2 and which makes an angle of 2θ with the x-axis, on the left by the ray emanating from P2 and which makes an angle of
ψlim = θ +min(φ0, φ1, φmax)with the x-axis, at the bottom by the circular arc with centre P2 and radius h/λ, and at the top by
the curve
(x, y) = P2 + 3h sin(2ψ − 2θ)
λ sinψ + 4 sin(ψ − θ) (cosψ, sinψ) , 2θ ≤ ψ < ψlim. (40)
as illustrated by the area shaded with grey in Fig. 5. If P3 is placed inside P3 then (3) is a spiral segment of increasing curvature.
Proof. It suffices to show that the conditions of Theorem 2 are satisfied. The placement of P2 satisfies 0 < φ < φmax and
λ ≥ Υ (φ, ψ). It remains to show that φ ≤ ψ ≤ ψmax and µmin ≤ µ ≤ λ. To satisfy the former condition P3 must lie in the
wedge bounded by two rays emanating from P2 and which make angles of 2θ and ψlim with the x-axis; they determine the
right and left boundaries respectively of P3. To satisfy the latter condition, it follows from the hypothesis of Theorem 2 that
a = h/µ ≥ h/λ, so P3 must lie above the circular arc (within the wedge) centred at P2 with radius h/λ. It follows further
from (28) that
a ≤ 3h sin(2φ)
λ sin(ψ)+ 4 sinφ =
3h sin(2ψ − 2θ)
λ sinψ + 4 sin(ψ − θ) = a1
so P3 must lie below the curve defined by (40). It also follows from Theorems 5 and 6 as well as Eq. (26) that λ(3 sin(2φ)−
sinψ)− 4 sinφ ≥ 0 hence a1 − hλ = hλ λ(3 sin(2φ)−sinψ)−4 sinφλ sin(ψ)+4 sinφ ≥ 0 so P3 is non-empty. 
7. G2 Hermite interpolation with a pair of spirals
Consider the following given G2 Hermite data: beginning point A, unit tangent vector TA at A, radius of curvature rA
at A, ending point B, unit tangent vector TB at B, and radius of curvature rB at B. These represent 8 scalar constraints. A
cubic Bézier curve has 8 degrees of freedom. It is shown in this section that a pair of cubic Bézier spirals can be used
to construct a G2 interpolating curve which has its largest local curvature magnitudes at the endpoints, and a single
interior curvature extremum, namely at the joint, where the curvature magnitude is a local minimum. This is done
using two spirals, one starting at A, the other starting at B, both decreasing in curvature magnitude until the joint, J, is
reached.
In combination, the two cubic Bézier curves have 16 degrees of freedom of which 8 are used to match the given G2
Hermite data. Four degrees of freedom are required to match G2 conditions at the joint. The remaining 4 degrees of freedom
are used to ensure that each curve is a spiral according to Theorem 1. A strategy that can be used to accomplish this is now
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Fig. 5. P3 region for a spiral of increasing curvature.
described. For convenience of implementation, labelling for the second curve is reversed so that positive angles for it are
measured clockwise.
Let the spiral, SA, from A to J, have control points PA,0 = A, PA,1, PA,2 and PA,3 = J and be characterised by the quantities
a = ∥PA,1 − PA,0∥, µAa = ∥PA,2 − PA,1∥, λAµAa = ∥PA,3 − PA,2∥, (41)
φA is the angle from PA,0PA,1 to PA,1PA,2 and ψA is the angle from PA,0PA,1 to PA,2PA,3.
Correspondingly, let the spiral, SB, from B to J, have control points PB,0 = B, PB,1, PB,2 and PB,3 = J and be characterised
by the quantities
b = ∥PB,1 − PB,0∥, µBb = ∥PB,2 − PB,1∥, λBµBb = ∥PB,3 − PB,2∥, (42)
φB is the angle from PB,0PB,1 to PB,1PB,2 and ψB is the angle from PB,0PB,1 to PB,2PB,3.
Display the regions for the placement of PA,2 and PB,2 as determined by Theorem 3. Regions for the placement of
PA,3 and PB,3 according to Theorem 4 should now be displayed. To ensure that SA and SB are both spirals, J should be
in the intersection of these two regions. However, only four degrees of freedom remain; these are required to ensure a
G2 match at J. Rather than placing J, its location is determined as described below; it is then displayed. The positions of
PA,2 and PB,2 can now be adjusted interactively with the goal of getting J in the intersection of the P3 regions of SA and
SB. This may not always possible; it seems that not all G2 Hermite can be interpolated by a pair of cubic Bézier spiral
segments.
To determine the location of J, observe that the line through PA,2 and PB,2 determines ψA and ψB. Tangent direction
continuity, as well as one positional continuity condition, is ensured if J is on this line. The other positional continuity
condition and continuity of curvature are established by the solution of the following two equations in the two unknowns,
λA and λB:
d = λAµAa+ λBµBb (43)
and
2 sin(ψA − φA)
3λ2AµAa
= 2 sin(ψB − φB)
3λ2BµBb
. (44)
Eq. (43) arises from (41) and (42) with ∥PA,3 − PA,2∥ + ∥PB,3 − PB,2∥ = ∥PB,2 − PA,2∥ = d and (44) arises by applying κ(1)
in (16) to SA and SB at J. As in Section 5, φA, µA, a, φB, µB, and b are determined by (31), (32), (4) and (5). Let
ρ =

µAa sin(ψB − φB)
µBb sin(ψA − φA)
then from (43) and (44) λA = dµAa+µBbρ and λB = ρλA, so the location of J is determined by (41) or (42).
8. Examples
8.1. Example 1
A curve constructed by joining a cubic Bézier spiral segment of increasing curvature to one of decreasing curvature is
shown in Fig. 6. The corresponding curvature plot is shown in Fig. 7.
8.2. Example 2
A curve constructed by joining a cubic Bézier spiral segment of decreasing curvature to one of increasing curvature is
shown in Fig. 8. The corresponding curvature plot is shown in Fig. 9.
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Fig. 6. Curve of Example 1.
Fig. 7. Curvature plot for Example 1.
8.3. Example 3
Fig. 10 illustrates interpolation of given G2 Hermite data with a pair of cubic Bézier spiral segments. The given data
are shown as two grey circles indicating the given radii of curvature, two short black arrows indicating the given tangent
directions and two black dots indicating the positions of the given points PA,0 and PB,0. Labelling for the second segment is
as described in Section 7. The resulting spiral segments have control points PA,i, i = 0, . . . , 3 and PB,i, i = 0, . . . , 3. The
boundaries of the P2 regions are shown as grey curves emanating from PA,0 and PB,0 and rays from PA,0 through PA,1 and
from PB,0 through PB,1. The P3 regions are hatchedwith grey lines so their intersection, inwhich it is desirable for PA,3 = PB,3
to be located, is cross-hatched.
9. Conclusion
The proposed spiral complements the one presented in [6] which has a point of zero curvature at one endpoint. As
illustrated in [9], the spiral developed in [6] is suitable for curve design when parts of the curve is S-shaped. Although it can
also be used for C shaped curves, the point of zero curvature introduces flat spots where they may not be desirable. Using
the spiral now presented, such flat spots can be avoided.
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Fig. 8. Curve of Example 2.
Fig. 9. Curvature plot for Example 2.
The advantage of designing curves using spiral segments is that the location of inflection points and curvature extrema
can be controlled resulting in fair curves without the need for a posteriori fairing. Two approaches can be used for curve
design with spiral segments. One way is to start from one end (as one would when designing with guided B-splines) and
keep adding spiral segments of increasing or decreasing curvatures, or with inflection points. Another way is to determine
G2 Hermite conditions and then interpolate with a pair of spirals. Thismay be useful inmodifying an already designed curve.
Both ways are illustrated with examples in Section 8.
Not all G2 Hermite data can be interpolated by a pair of spirals as described in Section 7. Future work includes more
in-depth examination of conditions on G2 Hermite data which allow interpolation by a pair of the proposed generalised
cubic Bézier spirals, in particular the cases where one or both spiral segments decreases in curvature from an endpoint. A
systematic way of manipulating the control points for G2 Hermite interpolation with a pair of spiral segments will also be
investigated. The work presented here can be extended to S-shaped segments by allowing ψ < φ but is not dealt with in
this paper due to limitations of space.
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Fig. 10. Example 3, matching G2 Hermite data.
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